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Abstract
The area formula for entropy is extended to the case of a dilatonic
black hole. The entropy of a scalar field in the background of such
a black hole is calculated semiclassically. The area and cutoff depen-
dences are normal except in the extremal case, where the area is zero
but the entropy nonzero.
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It is well known that the area of the horizon of a black hole can
be interpreted as an entropy [1] and satisfies all the thermodynamical
laws. This is not yet understood in terms of the usual formulation
of entropy as a measure of the number of states available, but the
na¨ıve Lagrangian path integral does lead to a partition function from
which the area formula for entropy can be obtained [2] by neglecting
quantum fluctuations.
There have also been some attempts at calculating the entropy
of quantum fields in black hole backgrounds [3, 4]. The values thus
obtained are contributions to the entropy of the black hole -field sys-
tem. These calculations have produced divergences, but the area of
the horizon has appeared as a factor. This has been interpreted to
mean that the gravitational constant gets renormalized in the pres-
ence of the quantum fields [4]. We shall investigate whether similar
phenomena occur in the case of dilatonic black holes [5, 6] where it is
possible to have a vanishing horizon area.
The low- energy limit of string theory with unbroken supersymme-
try contains a massless dilaton field. Models where these dilatons are
coupled with gravity may be used for studying black holes with small
1
Compton wavelengths. The simplest four- dimensional model is
S =
1
16π
∫
d4x
√−ge−2φ(R + 4gµν∇µφ∇νφ) (1)
where φ is the massless dilaton field, R is the scalar curvature and gµν
is the metric. As the curvature term contains an extra exponential
factor, this is often removed by the conformal transformation
g˜µν = e
−2φgµν . (2)
This changes the action to
S =
1
16π
∫
d4x
√
−g˜(R˜− 2g˜µν∇µφ∇νφ), (3)
which is standard Einstein gravity coupled with a massless scalar field.
Thus g˜µν is the appropriate metric for gravitational studies and in fact
all theorems of general relativity are applicable in this metric. This
is not the case with the original string metric gµν , which however is
the metric seen by the string. We shall confine ourselves to the metric
g˜µν .
The model can be extended to have electromagnetic interactions
by including the term
− 1
32π
∫
d4x
√
−g˜e−2φg˜µλg˜νρFµνFλρ (4)
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in the action (3). Exact black hole solutions of this model have been
found with non-zero charge and angular momentum.
The black hole solution with zero angular momentum strongly re-
sembles the Schwarzschild solution of standard general relativity.
ds˜ = g˜µνdx
µdxν
= −(1− 2M
r
)dt2 + (1− 2M
r
)−1dr2 + r(r − a)dΩ2II
e−2φ = e−2φ0(1− a
r
)
Fθϕ = Q sin θ (5)
where M is the mass of the black hole, Q its charge, the parameter a
is defined by
a =
Q2
2M
e−2φ0 (6)
and φ0 is an arbitrary constant. This black hole has as usual a hori-
zon at r = 2M . An interesting feature is that a curvature singularity
occurs at r = a. The so-called extremal solution corresponds to the
coincidence of these two regions and thus has a = 2M . This extremal
limit is interesting also because the area 4π.2M.(2M − a) of the hori-
zon vanishes. All this is from the point of view of the gravitational
metric. However from the string theory point of view the geometry in
the extremal limit is perfectly non-singular. In the string metric the
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horizon disappears and as r → 2M , the spacetime splits into a (1+1)
dimensional Minkowski spacetime times a sphere of constant radius
2M (the throat).
We first wish to examine whether the area formula for entropy is
valid for this kind of black hole. As argued in [7] the partition func-
tion for the system can be defined by the (Euclidean) Lagrangian path
integral for the gravitational action coupled with matter fields. The
dominant contribution will come from the classical solutions of the ac-
tion. We may approximate the Euclidean action by taking something
like
SE[g˜, φ, F, ϕ] = S1[g˜cl, φcl, Fcl] + S2[g˜cl, ϕ] + · · · (7)
where ϕ is the scalar field to be considered in the background of the
dilatonic black hole. Quantum fluctuations of the metric, the electro-
magnetic field and the dilatonic field are neglected and these variables
are frozen to their classical values. The partition function can then be
taken as
Z = e−S1[g˜cl,φcl,Fcl]
∫
[dφ]e−S2[g˜cl,ϕ]. (8)
As in [2] the gravitational action has to be supplemented by a
surface term if the action is to be an extremum under variations of
the metric. The term has the form
Ssurface =
1
8π
∫
d3x
√
−h(K −K0), (9)
where h is the metric induced on the surface, K is the second funda-
mental form of the surface in the metric g˜ and K0 is the same in the
flat metric
ds2 = −dt2 + dr2 + r2dΩ2II . (10)
The surface is taken to be S1 × S2 where S1 has the circumference
β = 8πM which can be identified with the inverse temperature of
the black hole. Then K is the covariant derivative of the unit vector
nr = (g˜rr)
−1/2 normal to the surface:
K ≡ −∇rnr = −nr; r − Γµrµnr
= −(1− 2M
r
)1/2
2r − 3M − a(1− Mr )
r(r − a) . (11)
Further, K0 = −2/r. If we consider a bounded region of large radius
r0 the surface term (9) can be evaluated using the solution (5):
Ssurface =
1
2
β(M + a) +O( 1
r0
). (12)
The electromagnetic contribution to the action for this solution is
given by
Sem = − 1
32π
∫
d4x
√
−g˜e−2φg˜µλg˜νρFµνFλρ
5
= −1
4
βa. (13)
The contribution from the Einstein-Hilbert action is not identically
zero in this case. Indeed, the scalar curvature is given by
R˜ = −a
2(1− 2Mr )
2r2(r − a)2 . (14)
But the kinetic term for dilatons exactly cancels the contribution from
the Einstein- Hilbert action. Finally the total action corresponding to
this solution is given by
S1[g˜cl, φcl, Fcl] = 2πM(2M + a). (15)
Following [7] we may replace M everywhere by β/(8π). The free
energy is then given by
F = − 1
β
logZ
≈ β
16π
+
a(β)
4
, (16)
where a(β) ∝ 1/β (see (6)). Hence the entropy is
S = β2
∂F
∂β
=
β2
16π
− aβ
4
(17)
which, by virtue of the relation β = 8πM , is exactly equal to Area/4.
Thus the area formula is as much applicable for dilatonic black holes
as for ordinary black holes.
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We come now to the contribution of the scalar field ϕ to the par-
tition function. We employ the brick-wall boundary condition [3]. In
this model the wave function is cut off just outside the horizon. Math-
ematically,
ϕ(x) = 0 at r = 2M + ǫ (18)
where ǫ is a small, positive, quantity and signifies an ultraviolet cut-off.
There is also an infrared cut-off
ϕ(x) = 0 at r = L (19)
with L >> 2M .
The wave equation for a scalar field in this spacetime reads
∂µ(
√−ggµν∂νϕ)−m2ϕ = 0. (20)
A solution of the form
ϕ = e−iEtfElYlml (21)
satisfies the radial equation
(1− 2M
r
)−1E2fEl +
1
r(r − a)
∂
∂r
[(r − a)(r − 2M)∂fEl
∂r
]
− [ l(l + 1)
r(r − a) +m
2]fEl = 0. (22)
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An r- dependent radial wave number can be introduced from this
equation by
k2(r, l, E) = (1− 2M
r
)−1[(1− 2M
r
)−1E2 − l(l + 1)
r(r − a) −m
2]. (23)
Only such values of E are to be considered here that the above ex-
pression is nonnegative. The values are further restricted by the semi-
classical quantization condition
nrπ =
∫ L
2M+ǫ
dr k(r, l, E), (24)
where nr has to be a positive integer.
Accordingly, the free energy F at inverse temperature β is given
by the formula
βF =
∑
nr,l,ml
log(1− e−βE)
≈
∫
dl (2l + 1)
∫
dnr log(1− e−βE)
= −
∫
dl (2l + 1)
∫
d(βE) (eβE − 1)−1nr
= −β
π
∫
dl (2l + 1)
∫
dE (eβE − 1)−1
∫ L
2M+ǫ
dr (1− 2M
r
)−1√
E2 − (1− 2M
r
)(
l(l + 1)
r(r − a) +m
2)
= −2β
3π
∫ L
2M+ǫ
dr (1− 2M
r
)−2r(r − a)∫
dE (eβE − 1)−1[E2 − (1− 2M
r
)m2]3/2. (25)
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Here the limits of integration for l, E are such that the arguments of
the square roots are nonnegative. The l integration is straightforward
and has been explicitly carried out. The E integral can be evaluated
only approximately.
The contribution to the r integral from large values of r yields the
expression for the free energy valid in flat spacetime (M = 0):
F0 = − 2
9π
L3
∫
∞
m
dE
(E2 −m2)3/2
eβE − 1 . (26)
We ignore this part [2, 3]. The contribution of a nonzeroM is singular
in the limit ǫ→ 0. The leading singularity is linear:
Flin ≈ −2π
3
45ǫ
(1− a
2M
)(
2M
β
)4, (27)
where the lower limit of the E integral has been approximately set
equal to zero. If the proper value is taken, there are corrections in-
volving m2β2 which will be ignored here. This result reduces to the
formula [3] for the Schwarzschild black hole when a = 0. In general,
there is simply a multiplicative factor (1− a2M ).
There is a logarithmic singularity as well, but it is in general ig-
nored because of the presence of the linearly divergent term Flin. How-
ever, the linear term vanishes when a = 2M , i.e., when the black hole
becomes extremal. In this case, the logarithmic term is the dominant
9
one. It is
Flog ≈ −
π3
45M
log(
2M
ǫ
)(
2M
β
)4 (28)
in the same approximation as above.
The entropy due to a nonzeroM can be obtained from the formula
S = β2
∂F
∂β
. (29)
This gives
S =
8π3
45
(
2M
β
)3
(1− a2M )(2M)2
2Mǫ
for a 6= 2M (30)
and
S =
8π3
45
(
2M
β
)3 log
(2M)2
2Mǫ
for a = 2M. (31)
Thus, for a 6= 2M , namely for nonextremal dilatonic black holes, the
Schwarzschild expression is valid, but with the area factor (2M)2 cor-
rected by the appropriate coefficient (1 − a2M ). Note that the factor
(2Mβ ) is a constant if the Hawking temperature is used, because of
its inverse dependence on the mass, while the quantity 2Mǫ may be
regarded as giving an invariant measure of the distance of the brick
wall from the horizon [3]. As we have shown that the entropy of
the dilatonic black hole itself is S = (Area)/(4G) (where G has been
set equal to unity), the above divergent contribution may be under-
stood as a renormalization of the gravitational coupling constant G
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[4]. However, quantum gravity being non-renormalizable, this inter-
pretation cannot be extended to include quantum fluctuations of the
gravitational fields.
In the case of extremal dilatonic black holes a logarithmic formula
appears, in which the usual factor (2M)
2
2Mǫ is replaced by its logarithm.
For these black holes, where the area of the horizon vanishes, one might
have expected the entropy to vanish altogether. What does happen
is that the linear divergence vanishes, but the logarithmic divergence,
which is of course weaker, stays on. A similar logarithmic divergence
is known to occur if the theory is truncated to (1+1) dimensions [4].
Our calculation shows that this is already present in (3+1) dimensions.
But this divergence cannot be regarded as a renormalization of G
because even with a renormalized G, the zero area should have made
the entropy zero.
To summarize, we have derived the area formula for the dilatonic
black hole from the Lagrangian path integral and calculated semiclas-
sically the entropy of a scalar field in the background of this black
hole. The results are similar to the case of ordinary black holes, and
involve a linearly divergent renormalization in general. But the area of
the horizon may vanish here, and in that extremal case the entropy of
11
the scalar field does not vanish. The singularity becomes logarithmic.
References
[1] J. Bekenstein, Phys. Rev. D7, 2333 (1973); Phys. Rev. D9, 3292
(1974)
[2] G. Gibbons and S. Hawking, Phys. Rev. D15, 2752 (1977)
[3] G. ’t Hooft, Nucl. Phys. B256, 727 (1985)
[4] L. Susskind and J. Uglum, hep-th 9401070 (1994)
[5] G. Gibbons and K. Maeda, Nucl. Phys. B298, 741 (1988); D.
Garfinkle, G. Horowitz and A. Strominger, Phys. Rev.D45, 3888
(1992)
[6] J. Harvey and A. Strominger, Quantum Aspects of Black Holes,
Lectures given at 1992 Trieste Spring School
[7] S. Hawking in General Relativity: An Einstein Centenary Survey,
ed. S. Hawking and W. Israel, Cambridge University Press (1979)
12
